TWO CHARACTERIZATIONS OF THE STANDARD 
UNIT VECTOR BASIS OF k 

O 

o 

O ; DAVID MITRA 

<N 
^— > 

O ' Abstract. We show that for a sequence in a Banach space, the 

, property of being stable under large perturbations characterizes 

' the property of being equivalent to the unit vector basis of l±. We 

show that a normalized unconditional basic sequence in l\ that is 
semi-normalized in is equivalent to the standard unit vector 
, basis of l\. 

PL, 

1. Introduction 

In this note, we present two results concerning the standard unit 
' vector basis of l±. The first result, Theorem 1, characterizes, up to 

00 

| equivalence, the standard unit vector basis of l\ as the unique sequence 

satisfying a certain stability property. This result is a generalization 
of H Theorem II. 11.5]. Our second result, Theorem 2, characterizes, 
among the sequences in l\ that are semi- normalized in both l\ and Zoo, 
\ those that are unconditionally basic as simply those that are equivalent 
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to the standard unit vector basis of l\. In contrast to Theorem 2, we 
present Proposition 1, which shows that not every copy of the standard 
unit vector basis of l\ in l\ is semi- normalized in l^. 



Throughout this note, we shall use the following notations: X and 2) 
denote infinite dimensional, real Banach spaces; the symbol Ii P denotes 
the formal identity operator from li into l p ; we denote the standard unit 
vector basis of l\ by {e^}^ =1 ; finally, we denote the z th -coordinate of a 
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sequence of real numbers x by x(i). All other notation and terminology, 
not otherwise explained, are as in 0. 

We now recall the definitions pertinent to the foregoing discussion. 

Definition 1. The unconditional basis constant of an unconditional 
basic sequence {x n }™ =1 in X is the smallest constant K\ satisfying, for 
any sequence of signs {e n }™ =1 and for any sequence of scalars {a n }™ =1 , 
the inequality 
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Definition 2. A sequence {x n }™ =l in X is (Ki, K 2 )- equivalent to the 
sequence {y n }^=i in X, provided that there exists a pair of positive 
numbers Ki, K 2 such that 



n=l 
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< Ko 



n=l 



for each sequence {a n }™ =1 of scalars. We say that {x n }^ =1 is equiva- 
lent to {i/nj^i if it is (Ki, i^ 2 ) -equivalent to {y n }^=i for some pair of 
positive numbers K\, K 2 . 

2. The Results 

Our first result concerns perturbations of basic sequences equivalent 
to {e*}^. We first recall the classical result, due to Bessaga and 
Pelczyhski (see on perturbations of basic sequences, which states 
that a basic sequence is "stable under small perturbations" . 

Fact 1. Let {x n }^ =1 be a basic sequence in X with coefficient Junction- 
als {x* n }^ =1 . If {y n }^Li is a sequence in X satisfying 
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^ ] ll-^ra II [xj]* r \\ x n Vn\\x < 1) 
n=l 

then {yn}^! is a basic sequence, equivalent to {x n } c r 

In [|, Theorem II. 11. 5], it is proved that {e^}^ =1 is actually "stable 
under large perturbations". To clarify this vague statement, and to 
facilitate our discussion, we make the following definition. 
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Definition 3. A sequence {x n }^ =1 in a Banach space X is a 5- 
dominated perturbation of a sequence {y n }^ =l in X provided 



The result in |J mentioned above states that any 1-dominated per- 
turbation of {e,^}^ 1 is equivalent to {e*}^. According to Singer, 
this result is contained in the paper Q of V. D. Milman, who, in turn, 
attributes the result to V. I. Gurarii. In Theorem 1, we show that, in 
fact, Definition 3 may be used to characterize those sequences that are 
equivalent to {e*}^. 

Theorem 1. Let {x n }^ =l be a normalized sequence in X. The follow- 
ing conditions on {x n }^Li are equivalent. 

1) {xn}™=i is equivalent to the standard unit vector basis ofl\. 

2) There exists a positive number S such that {x„}^ =1 is uniformly 
equivalent to any 5-dominated perturbation of itself ; that is, such 
that the constants K\ and Ki appearing in Definition 2 depend 
only on the supremum appearing in equation (1). 

3) There exists a positive number S such that {x n }™ =1 is equivalent to 
any S- dominated perturbation of itself. 

4) li is isomorphically embedded in X, and there exists a positive 
number 5 such that {i n }^ =1 «s equivalent to any S-dominated per- 
turbation of itself. 

Proof. To see that condition 1) implies condition 2), suppose (as we 
may) that {x n }^ =l is (k, l)-equivalent to {e^}^. Take 5 = k and let 
{y n }^Li be a 5-dominated perturbation of {x n }^ =l . Then {y n }^Li is 
norm bounded; and so, since {x n }^ =l is equivalent to {e^}^ 1 , we may 
define a bounded linear operator T: [x n ]x — > [y n ]x by setting 



sup \\x n - y n \\x < S. 



(1) 
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Moreover, for x = we have, setting m = sup \\x n — y n \\x, that 
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Since mfc 1 < 1, by a well-known result, T is an isomorphism from 
[x n ] x onto satisfying 
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k + m 
for each x = 



n=l 
oo 



Qtm.Xr. 



t=l 



< 



k — m 



n=l 



as desired. 



n=l 

It is obvious that condition 2) implies condition 3). 

To see that condition 3) implies the first (and non-trivial) part of 
condition 4), first assume that {x n }^ 1 has a weakly Cauchy subse- 
quence {^n fc }fcLi and let {z n }^ =1 be an arbitrary normalized sequence 
in X. Let {y n }^=i be the (^-dominated perturbation of {a^}^^ defined 
by 



Xj, 
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if j = n k ; 
otherwise. 



Then, by hypothesis, {y n }^ =1 is equivalent to {x n }^ =1 . From this, it 
follows that the linear map T: {x n }^ =1 — > {y n }iZi given by Tx n = y n 
for each n e N extends to a well-defined linear isomorphism T: [x n ]x —> 
[y n ]%)- in particular, the map T is weak- weak continuous. Thus, since 
{%n k )T=i is weakly Cauchy, so is {y nk )T=i = i x n k ~ Sz k }f =v But 
then we arrive at the contradiction that the arbitrary normalized se- 
quence {z n }^ =1 is weakly Cauchy. It must be that {x n }^ =1 has no 
weakly Cauchy subsequence, whence the result follows by Rosenthal's 
Zi-theorem |J. 

Towards showing that condition 4) implies condition 1), let {z n }^ =1 
be a normalized sequence in X equivalent to {e^}^ =1 . Let {?/n}n^=i be 
the 5-dominated perturbation of {x n }^ =1 defined by 
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Then, by hypothesis, {x n }^ =1 is (k±, k 2 ) -equivalent to {y n }^i 1 for some 
pair of positive numbers ki,k 2 . Thus, for any sequence {a n }™ =1 of 



scalars we have 
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Condition 1) now follows since {z n }^i is equivalent to {e^}^. □ 

By Singer's result, any 1-dominated perturbation of {e^}™^ yields 
a copy of {e^}^ 1 consisting of vectors that still possess large norm 
in Zqo. Our next result, Theorem 2, is related to this observation. It 
states that any normalized unconditional basic sequence in li consisting 
of vectors with large Zoo-norm is equivalent to {e\}^ =l . The proof of 
Theorem 2 is a consequence of the following fact, which, in turn, is a 
consequence of Szarek's refinement of the Khintchine inequality (c.f. 



Fact 2. The operator \ 12 : l\ — > h is absolutely summing; that is, Ii 2 
maps unconditionally convergent series into absolutely convergent se- 
ries. Moreover, if the sequence {i n }~ =1 in 1% has unconditional basis 
constant C , then for any sequence of scalars {«i}™ =1 we have 
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Theorem 2. Let {x n }™ =1 be a normalized K -unconditional basic se- 
quence in l\. If, for some 1 < p < oo, 



inf || Ix P 2C ft ||i > 0, 



(2) 



then {x n }^ =1 is (k, 1) -equivalent to the standard unit vector basis ofl\, 
where k = -X= inf || l 12 x n \\ h . 

K V 2 neN 

Proof. First note that if {x n }^ =1 is a semi-normalized sequence in l\ 
such that inf || IipxJL > for some 1 < p < oo, then we necessarily 

neN 



have inf II Ii P a; n ||i > for each 1 < p < oo. Indeed, this is obvious for 

oo 

p = oo, while for 1 < p < oo and for x = Yl a n^ L n £ ^i we have: 

n=l 

oo oo 

j| lip X 1 1 ^ ^ I OL% |^ I Oil I ^ ^ ^ || II oo X 1 1 I I ^ || Iloo^H^^ * 1 1 X 1 1 . 

1=1 1=1 
Thus, {IiooX i }^ 1 is semi-normalized if both {hpXi}^ and are, 
whence the result follows. 

In particular, equation (2) holds for p = 2. Using the triangle in- 
equality and Fact ||, we have, for any sequence of scalars {ai}™ =l , 
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as desired. □ 

Finally, for a dual purpose, we present Proposition 1. First, we see 
from Proposition 1, that the converse of Theorem fails. Secondly, 
Proposition 1 sheds light on Theorem 1. Note here that, for each 
e > 0, any normalized unconditional basis of l\ is a (2 + e)-dominated 
perturbation of {e*}^. It is thus natural to find the smallest number 
C such that the following statement holds: for each e > 0, any normal- 
ized basis of l\ is a (C + e)-dominated perturbation of {e*}^. From 
Proposition 1, we obtain that C = 2. 

Proposition 1. There is a semi-normalized unconditional basis ofl\, 
hence a basis that is equivalent to the standard unit vector basis of l\, 
satisfying 

inf || IxooXnWi^ = 0, 

neN 

where Poo is the formal identity operator from l\ into 1^. 

To construct the required basis, we need the following lemma, whose 
proof, although certainly well-known, is provided for completeness. 

Lemma 1. Let {xi}™ =1 be a basis of VI with the corresponding sequence 

of coefficient functionals {x*}f =1 . Then {xi}^ =1 is (hi, fe) -equivalent to 
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the standard unit vector basis of If, where k 1 = max ^2 \ x *i(^)\ an d 



l<i<n j =1 



k 2 = max ||x 7 |U. 

i<j<™ 



Proof. We need to show that 

n n 



1=1 



a,- 



i=l i=l 

for any sequence of scalars {ai}™ =1 . The right hand inequality follows 
from the triangle inequality Towards proving the left hand inequality 
let {ttj}" =1 be given and write 

n n 
i=l i=l 

where {ej}™ =1 denotes the standard unit vector basis of Z™. Then for 

n 

each j = 1,2,... , n, we have <x,- = ^ PiX*(i); whence, 



j=l J'=l »=1 

as desired. 
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Proof of Proposition 1. To construct the sequence heralded by Propo- 
sition 0, it suffices to find, for each integer n > 2, a basis {x"}" =1 of /" 
such that both of the following statements hold: 

1) {a;™}™ =1 is (i, 2)-equivalent to the standard unit vector basis of l™. 

2) max —1/n. 

\<i<n 

Towards this end, let n G N and let {ej}™ =1 denote the standard unit 
vector basis of l™. Define 



/ j n 



i=l 



e\ + Ci for 2 < i < n 



(we drop the superscripts for notational clarity). Then we have condi- 
tion 2), and {xj}" = i is a linearly independent sequence with coefficient 
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functional {x*}™ =l given by: 



n 



n-2 



—n 




n _ 2 c l T n _ 2 
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Using Lemma [I], it is easily verified that {xi}™ =1 is (1/5, 2)-equivalent 
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